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Constructal Theory: Tree-Shaped Flows
and Energy Systems for Aircraft
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Duke University, Durham, North Carolina 27708-0300

Attention is drawn to constructal theory and design, which relies on global maximization of performance in the
pursuit of flow system architecture. Exergy analysis establishes the theoretical performance limit. Thermodynamic
optimization (or entropy generation minimization) brings the design as closely as permissible to the theoretical limit.
The design is destined to remain imperfect because of constraints (finite sizes, times, and costs). Improvements are
registered by spreading the imperfection, for example, flow resistances, through the system. Resistances compete
against each other and must be optimized together. Optimal spreading means geometric form. System architecture
is generated by the constructal principle: constrained global optimization and constraints in a morphing flow
medium. In flows that connect a volume (or area) with one point, the resulting structure is a tree of low-resistance
links, and high-resistance interstices. These structures are robust, diverse, and everywhere. A key example is the
extraction of maximum exergy from a hot-gas stream that is cooled and discharged into the ambient. The optimal
configuration consists of a heat transfer surface with a temperature that decays exponentially in the flow direction.
Additional examples show that the complete structure of a heat exchanger for an environmental control system

can be derived based on this method.

Introduction

HE methods of exergy analysis (EA), entropy generation min-

imization (EGM), and thermoeconomics (TE) are the most es-
tablishedchangesthathave taken placein contemporaryengineering
thermodynamics teaching and practice.!~!? The emphasis today is
on identifying the mechanisms and system components that are re-
sponsiblefor thermodynamiclosses (EA), the size of each loss (EA),
the minimization of losses subject to global constraints (EGM), the
developmentof system architecturebased on global thermodynamic
optimization (EGM), and the minimization of the costs due to build-
ing and operating the energy system (TE).

Exergy analysis is pure thermodynamics. It relies on the laws
of thermodynamics to establish the theoretical limit of ideal (re-
versible)operationand the extentto which the operationof the given
(actual, specified) system departs from the ideal. The departure is
measured by the calculated quantity called destroyed exergy, or ir-
reversibility. This quantity is proportional to the generated entropy.
Exergy is the thermodynamic property that describes the “useful
energy” content, or the “work producing potential” of substances
and streams. In real systems, exergy is always destroyed, partially
or totally, when components and streams interact.

Thermodynamic optimization (EGM) is the minimization of ex-
ergy destruction or entropy generation?'° This design activity re-
quires the use of more than thermodynamics: Fluid mechanics, heat
and mass transfer, materials, constraints, and geometry are also
needed to establishthe relationshipsbetween the physicalconfigura-
tion and the destruction of exergy. Reductions in exergy destruction
are pursued through changes in configuration. The resistances faced
by various streams are minimized and balanced together. The ther-
modynamicimperfectionis distributed.In the end, the configuration
emerges as the result of the global optimization of thermodynamic
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performance subject to global constraints. This is called constructal
theory and design.!

Thermodynamic optimization may be used by itself, without
cost minimization, to identify trends and tradeoffs, the existence
of optimization opportunities. The configurations identified based
on thermodynamic optimization can be made more realistic through
subsequent refinements based on more representative models and
based on global cost minimization.!! The integrative constructal
design philosophy that emerges is one where the entire system
can be conceived of as a construct designed to meet a global ob-
jective optimally, not as an ensemble of already existing parts.
In this paper, two classes of applications where the flow-system
architecture results from global thermodynamic optimization
are reviewed.

Tree-Shaped Paths for Volume-Point Flows

In this section, a newly emerging body of work that describes the
flow between a finite size volume (or area) and a single point (source,
or sink) is reviewed. This work goes well beyond the description
(calculation) of the flow resistance associated with the flow path:
The new and primary focus is on optimizing geometrically the flow
path, so that the global volume-point resistance is minimum. The
flow path that results from geometric optimization is shaped as a
tree.

What flows along the tree links is not nearly as important as how
the geometricform “tree” is generatedby the geometricoptimization
principle. Dissipative structures are deducible from principle. This
is important: The generation of geometric form is a phenomenon
that is accounted for by principle. The generation of trees for heat
flow, fluid flow, combined heat and fluid flow, electricity (e.g., light-
ning and circuitry), people and goods (e.g., streets and highways),
and communications is reviewed in Ref. 1. The thought that the
geometric optimization principle accounts not only for engineered
flows, but also for the billions of tree-shaped flows of nature, was
named constructal theory.!

In the constructal optimization of the volume-to-point path for
heat flow, it was shown that a volume subsystem of any size can
have its external shape and internal details optimized such that its
own volume-to-pointresistance is minimal.!*!>!* This principle is
repeatedin the optimizationof volumes of increasinglylargerscales,
where each new volume is an assembly of previously optimized
smaller volumes. The construction spreads as the assemblies cover
larger spaces.
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Fig. 1 Constructal growth: the minimization of thermal resistance via
spatial growth.!5

As an example, consider the flow of heat from a volume to
one point. The heat-flow geometry is two dimensional. The low-
conductivity material k, generates heat volumetrically at the rate
q"', which is assumed uniform. A small (fixed) amount of high-
conductivity material k,, is to be distributed through the k, material.
The constructionbegins with the smallest volume scale (the elemen-
tal system), which is representedby the rectangulararea Ag = Hy L.
The start of this sequence of volume sizes is shown in Fig. 1a (see
Ref. 15). The A, size is known and fixed, for example, in the con-
duction cooling of an electronic material, A, is the smallest size
that is allowed by manufacturing and electrical design constraints.
The A, system is “elemental” because it has only one insert of
high-conductivity material. This blade has the thickness D, and it
is positioned on the long axis of the Hy x L, rectangle. The heat
currentqg” Ay is guided out of A throughthe leftend of the D, chan-
nel, which is the heat sink. The hot spots occur in the right-hand
corners.

The global volume-to-pointresistance is the ratio AT,/ (g Ao),
where ATj is the temperaturedifferencebetweenthe hotspotand the
heat sink. This measure is “global” because the heat current g”’ A
is integrated over the system Ay, and the maximum temperature
difference AT is the excess temperatureof the hot spot, or hot spots,
of the entire system. The location of the hot spots is not an issue, as
long as they reside inside the system. The global resistance refers
to the entire system and its ability to accommodate the volume-to-
point flow without violating the requirement that the hot spots do
not exceed a certain temperature ceiling.

The composite material that fills A, is characterized by two
dimensionless numbers, the conductivity ratio k =k, /ko, and the
volume fraction of high-conductivity material, ¢y = D,/ H,. It was
shown that when k£ >> 1 and ¢y < 1 the volume-to-pointresistance

is given by the two-term expression':!?

AToko/q" Ay = § - (Ho/Lo) + (1/2k) - (Lo/Ho) (1)
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Fig. 2 First construct: alarge number of elemental volumes connected
to a central high-conductivity path.!!3

a) b)
Fig. 3 Second-construct geometry optimized numerically (¢, =0.1,
k=300,and n; =8): a) n =2 and b) n, =4 (Ref. 16).

This resistance is minimal when the shape of Ay is

(Ho/Lo)op = 2(kepy) " 2
The construction continues with the first assembly (A;, Fig. 1b),
which contains n; elemental systems, A; =n;Aj. The resulting
structure is shown in greater detail in Fig. 2. The heat currents
produced by the elemental systems are collected by a new high-
conductivityinsert of thickness D1, the left end of which is the heat
sink. The hot spot is in the two right-hand corners. The volume-
to-point resistance is AT, /(q”"A,), where AT is the excess tem-
perature at the hot spot. It was shown that the resistance can be
minimized with respect to the shape parameter H, /L, and the in-
ternal ratio D, /D,.

The same geometric optimization principle applies at larger
scales. The next scale is the second construct A, (Fig. 1¢), which
contains a number n, of first constructs, A, =n,A;. The optimal
external aspectratio of the second constructis H,/L, =2, as in the
two examples given in Fig. 3. Note the optimized internal ratios of
high-conductivityblade thicknesses, D,/ Dy and D,/ D,, where D,
is the thickness of the central (thickest and newest) blade.

The geometrically optimal construction started in Figs. 1-3 can
be continuedto higher orders of assembly, until the structured com-
posite (ko, k) covers the given space. One interesting feature in this
limit is that the construction settles into a recurring pattern of pair-
ing (or bifurcation, from the reverse time direction), in which the
integer 2 is a result of geometric optimization. For example, Fig. 3a
shows this pairing and size doubling pattern. The geometric param-
eters, volume fractions occupied by high-conductivitymaterial, and
the globalresistancesof constructs up to the sixth level, are reported
analytically in tabular form in Refs. 1, 12 and 13.

The heat trees of Figs. 1-3 do not look entirely “natural.” This is
due to the simplifying assumptions on which their derivation was
based: The high-conductivityinserts were always drawn with con-
stant thickness and perpendicularto their tributaries. These features
served their purpose. They kept the number of geometric degrees
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Fig. 4 Optimization of the angle of confluence between tributaries

and their common stem in a first construct (¢; =0.1, k= 50,and n; =4)
(Ref. 17).

of freedom to a minimum, and, in this way, they made possible the
closed-form presentation of the geometric optimization.

Constructal trees look more and more natural if their freedom to
provide easier access to their internal currents is expanded. In the
elemental system of Fig. la, it was assumed that the k, channel
stretches all of the way across the volume. When this assumption
is not made, we find numerically that there is an optimal spacing
between the tip of the k, channel and the adiabatic boundary of the
elemental volume.'®

Anotherexampleis the angle formed betweeneach tributary chan-
nel, and its central stemis allowed to vary. Numerical calculationsof
the two-dimensionalheterogeneousconductionfield show that there
exists an optimal angle for minimal volume-to-point resistance at
the constructlevel.!” This effect s illustrated for a first constructin
Fig. 4, where, for simplicity, it was assumed that all of the tributaries
are tilted at the same (variable) angle. The volume-to-point resis-
tance of the construct,]” = (Tax — Thin) (ko/q"" A1) decreases only
marginally (by 5.8%) as the angle a changes from the perpendicular
position (o« =0 deg) to the optimal position (¢ = 4 deg).

These relatively unimportantimprovements tell a very important
story: The tree designis robust with respectto various modifications
in its internal structure. This means that the global performance of
the systemis relatively insensitiveto changesin some of the internal
geometric details. Trees that are not identical have nearly identical
performance and nearly identical macroscopic features such as the
external shape.!

Robustness continues to impress as we increase the number of
degrees of freedom of the geometric design. In Fig. 5 we see the
results of a fully numerical optimization of the second construct
with perpendicular and constant-thicknessinserts Dy, D, and D,,
where all of the other geometric parameters were allowed to vary,
the aspectratios of all of the rectangles,large and small, the number
of elemental volumes in each first construct n;, and the number
of first constructs in each second construct n,. The three designs
shown in Fig. 5 have been optimized with respect to all of the free
parameters exceptn,, and they have been drawn to scale [12| o, = 8,
(D1/Dg)opi =5, and (D,/Dy) =10]. Figure 5 shows visually the
effect of fine tuning the number of first constructs incorporated in
the second construct n,.

The same effectis documentednumericallyin Table 1. The size of
the second construct (A, = H, L) is fixed. The cold spot (T};,) is at
the root of the tree, and the two hot spots are in the farthest (left-side)
corners. The aspectratio H, /L, refers to the vertical/horizontal ex-
ternal dimensionsof the largestrectangle. The best second construct
is the one with n, =4; however, the neighboring designs (n, =2, 6)
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Table1 Effect of increasing the number of first
constructs n in the optimized second construct
when ¢, =0.1 and k =300 (Ref. 17)

ny (Tinax — Tmin)minkU/(quZ) (HZ/LZ)})I/JIZ
2 0.0379 1.412
4 0.0354 1.375
6 0.0374 1.360

M H T

np =2 and d)z =0.1 np =4 and d)z =0.1 np =6 and d)z =0.1
Fig. 5 Second construct optimized numerically!” for minimum resis-

tance in volume-pointsteady flow and the effect of changing the number
of first constructs n,. (See also Table 1.)

performnearly as well. The global resistancesof all of these designs
agree within 7%, even though their internal structures are markedly
different. Their optimized external shapes are also nearly the same.

In summary, the global optimization principleleads us to very ro-
bust (invariant) features such as the global performancelevel and the
external shape of the construct. Changes in the internal tree struc-
ture, such as overgrowth and surgery (adding or cutting branches)
has almost no effect on the globally optimized features. These char-
acteristics are explored furtherin Ref. 1.

Maximum Exergy from a Stream of Hot Gas

In classical engineering thermodynamics, it is assumed routinely
that the energy input thatdrives a power plantis already available as
heat transfer from a high-temperaturereservoir. On an aircraft, the
exergy supply is provided by a stream of fuel that is being burned.
If the destruction of exergy during combustion is unavoidable, then
the most that we have at our disposal is a stream of hot products of
combustion. The stream becomes progressively colder as its exergy
is being extracted by the power conversion system.

Thermodynamics alone provides an unambiguous answer to the
question of the maximum power that is theoretically available from
astreamsolely in the presence of the atmospherictemperaturereser-
voir Ty: Thatansweris the “flow exergy” of the stream.* Itis helpful
to review this result while looking at the upper part of Fig. 6 (see
Ref. 18) and assuming that the stream is single phase, for example,
anideal gas. If the hot stream (112, Ty ) makes contact with areversible
device while reaching thermal equilibrium with the ambient before
itis discharged,and if the pressure drop along the stream is assumed
negligible, the power outputis

Wiey = me, Ty Ty [Ty — 1 — ta(Tyy / Ty)] 3)

The actual power output will always be lower than W,e, because of
the irreversibility of the heat transfer between the hot stream and the
rest of the power plant. A first step in the direction of accounting
for the heat transfer irreversibility is the model of Fig. 6, where
the heat transfer surface has the finite size A = pL, where p is the
heat transfer area per unit of flowpath length. The power producing
compartment is a succession of many reversible compartments of
the kind shown in the center of the Fig. 6. The infinitesimal power
output is where the temperature is plotted on the vertical in Fig. 6,
anddQy =mc,dT:

dW =[1 — Ty/T,(x)1dQx )
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Fig. 6 Power plant model with unmixed hot stream in contact with nonisothermal heat transfer surface.'8

The heat transfer through the surface A is assumed proportional to
the local temperature difference,

d0y =[T(x) — T,(x)]Up dx )
where U is the overall heat transfer coefficient, which is assumed

constant. Combining these equations and integrating from x =0 to
L(= A/p), we arrive at the total power output and the finite area

constraint:
: & T .
W = 1 — = |mc,dT 6)
T,
Tout s
T qr UA
=== Nm (7)
Tou T-T, mc,

An alternate route to calculating the power output W is to apply the
Gouy—-Stodola theorem to the larger system (extended with dashed
line) in Fig. 6: W = Wy, — T Sgen- The reversible-limit power out-
put Wy, corresponds to the reversible cooling of the stream from
Ty all of the way down to Tj. The entropy generation rate S,
is the total amount associated with the larger system and is due
to two sources, the temperature difference 7 — 7, and the finite
temperature difference required by the external cooling rate Q, =
mcp(Toul - T(J) . . .

To maximize W is equivalent to minimizing S,., because W, is
fixed. There are two degrees of freedom, the shape of the function
T, (x) and the place of this function on the temperature scale, that
is, closer to Ty or 1. The second degree of freedom is alternately
represented by the value of the exhaust temperature Tjy;.

The optimization of the function 7} (x) is accomplished based on
variational calculus subject to the constraint (7) (Ref. 18). At any
x, the temperature difference (T — T;) is proportional to the local
absolute temperature. This optimal distribution of temperatures is
illustrated in Fig. 7.

The second step of the minimization of exergy destruction con-
sists of optimizing numerically the value of 7. The result is the
twice-maximized power output Wi, .« max reported in dimensionless
form in Fig. 8,

M/mm = Wmax.max/(mcp TU)

(®)
The deduced proportionalitybetween (T — T;) and T (or 7;) means
that this optimal configuration can be implemented in practice by
using a single-phase stream (#1c,), in place of the T} (x) surface:
This stream runs in counterflow relative to the hot stream m. The
counterflow is characterized by a certain, optimal imbalance (the
ratio between the capacity flow rates of the two streams), which is
the result of thermodynamic optimization (Fig. 9).

4
Topt / To

Ny =3

34
Ts,opt /TO

1 T T T T T
0 x/L

Fig. 7 Optimal distribution of temperature along the stream and the
heat transfer surface of Fig. 6 (Ref. 18).

4
Tou =T

Wmm

out,opt

Ty /Ty

Fig. 8 Twice maximized power output corresponding to the model of
Fig. 6 (Ref. 18).

In conclusion, extraction of power from a hot stream can be max-
imized by properly matching the stream with a receiving stream of
cold fluid, across a finite size heat transfer area. This optimization
opportunity deserves to be pursued in considerably more complex
energy system configurations. For example, when the cold stream
for example, water, evaporatesas it captures a part of the hot-stream
exergy, its side of the heat exchangeris divided optimally into three
sections: liquid preheating, boiling, and vapor superheating for ex-
ample, Fig. 10. These sections adjust themselves to their proper
relative sizes as the system approaches the global thermodynamic
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optimum. This arrangement was analyzed and optimized in detail
by Vargas et al.'”

The model of Fig. 6 was only an example of how to starta concep-
tual design based on exergy analysis and subsequent optimization.
The start was the extraction of exergy from a nonisothermal stream
of hot gases subject to size constraints. To make this principle clear,
we relied on the simplest possible model. Even at this early stage,
we saw that an optimal configuration emerges and that its features
are robust. This body of work points in several directions for fu-
ture research. Beyond the simple models and analyses illustrated
in this paper, we must consider the actual structure (dimensions,
passages, fins) of the heat transfer surface that separates the exergy
source stream from the rest of the installation. Another direction
is the optimization of the structure that uses the extracted exergy,
the arrangement of components that in Fig. 6 reside under the sur-
face T;(x). A challengeis the number of degrees of freedom, which
increases as the complexity of the contemplated system increases.
Relevant to this is whether the thermodynamic optima of simpler
systems are robust enough to reappear at least approximately in
larger assemblies. In such cases, the results obtained for simpler
systems can be used as shortcuts in the optimization of larger and
more complex constructs.

Constructal Law of Maximal Access: Flow Architecture
from Global Optimization

In this paper we focused on energy systems for aircraft. Indeed,
by minimizing the power required for sustaining flight, it is possible
to predict the observed cruising speeds of all of the bodies that fly,
natural and engineered (Fig. 11) (Ref. 1). The theoretical cruising
speed V' is proportional to the body mass M raised to the power é
The same principlesapply to designsin which all of the functionsare
driven by the exergy drawn from the limited fuel installed onboard:
ships, automobiles, military vehicles, environmental-control suits,
portable power tools, weapon systems, etc.

The performance record of the natural and engineered designs
(Figs. 5 and 11) suggests that the principle invoked in this paper
(constructal law) is important not only in engineering, but also in
physics and biology, in general. In this theoretical framework, the
airplaneemergesas a physicalextensionof man, in the same way that
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Fig. 11 Cruising speeds of insects, birds, and airplanes and the speed for minimum rate of exergy destruction.!
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the body of the flying animal (e.g., bat, bird, or insect) developed
its own well-adapted extensions. All such extensions are discrete
marks on a continuous time axis that points toward the better and
the more complex.!12-14

Optimal distribution of imperfection is the constructal principle
that generates form. (Further discussions of constructal theory are
provided in Refs. 20-22.) The system is destined to remain im-
perfect. The system works best when its imperfection (internal flow
resistances,irreversibilities)is spread around, so that more and more
of the internal points are stressed as much as the hardest working
points. The more we think of engineered systems in this way, the
more these systems look and function like animals.

Conclusions

Constructal theory is a general and purely mental viewing that
accounts for organization, complexity, and diversity in nature, en-
gineering, and management. The constructal law was first stated
in 1996, in the context of optimizing the access to flow between a
point and an area, with application to traffic'* and the cooling of
electronics'®: “For a finite-size open system to persist in time (to
survive) it must evolve in such a way that it provides easier and
easier access to the currents that flow through it.” What flows, heat,
fluid, people, and goods, is not nearly as important as how the flow
derives its macroscopically visible structure from global objective,
all in a malleable, changing, and morphing medium.
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